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I.   INTRODUCTION 

Fractional calculus is a natural generalization of calculus. Fractional calculus has long attracted the attention of scientists 

and engineers, and has been widely used in physics, control engineering, mechanics, dynamics, modeling, biology, 

economics, signal processing, electrical engineering and other fields [1-10]. 

However, the definition of fractional derivative is not unique, there are many useful definitions, including Riemann-

Liouville (R-L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, 

Jumarie’s modified R-L fractional derivative [11-15]. Jumarie revised the definition of R-L fractional derivative with a new 

formula, and we obtained that the modified fractional derivative of a constant function is zero. Therefore, by using this 

definition, it is easier to associate fractional calculus with classical calculus. 

In this paper, we get the limit representation of fractional exponential function. The methods used in this paper are fractional 

L’Hospital’s rule, Jumarie type of R-L fractional derivative, and a new multiplication of fractional analytic functions. On 

the other hand, an example is provided to illustrate the application of fractional exponential function. And our results are 

extensions of the results of traditional calculus. 

II.   PRELIMINARIES 

First, the fractional calculus and some important properties used in this paper are introduced below. 

Definition 2.1 ([16]): If 0 < 𝛼 ≤ 1, and 𝑥0 is a real number. The Jumarie’s modified R-L 𝛼-fractional derivative is defined 

by 

                                                                            ( 𝐷𝑥0 𝑥
𝛼)[𝑓(𝑥)] =

1

Γ(1−𝛼)

𝑑

𝑑𝑥
∫

𝑓(𝑡)−𝑓(𝑥0)

(𝑥−𝑡)𝛼 𝑑𝑡
𝑥

𝑥0
,                                               (1) 

where Γ( ) is the gamma function.  

Proposition 2.2 ([17]):  If  𝛼, 𝛽, 𝑥0, 𝐶  are real numbers and 𝛽 ≥ 𝛼 > 0, then 

                                                                        ( 𝐷𝑥0 𝑥
𝛼)[(𝑥 − 𝑥0)𝛽] =

Γ(𝛽+1)

Γ(𝛽−𝛼+1)
(𝑥 − 𝑥0)𝛽−𝛼,                                               (2) 

and 

                                                                                           ( 𝐷𝑥0 𝑥
𝛼)[𝐶] = 0.                                                                           (3) 
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In the following, we introduce the definition of fractional analytic function. 

Definition 2.3 ([18]): If  𝑥, 𝑥0, and 𝑎𝑘 are real numbers for all 𝑘, 𝑥0 ∈ (𝑎, 𝑏), and 0 < 𝛼 ≤ 1. If the function 𝑓𝛼: [𝑎, 𝑏] → 𝑅 

can be expressed as an 𝛼 -fractional power series, that is, 𝑓𝛼(𝑥𝛼) = ∑
𝑎𝑘

Γ(𝑘𝛼+1)
(𝑥 − 𝑥0)𝑘𝛼∞

𝑘=0  on some open interval 

containing 𝑥0, then we say that 𝑓𝛼(𝑥𝛼) is 𝛼-fractional analytic at 𝑥0. In addition, if 𝑓𝛼: [𝑎, 𝑏] → 𝑅 is continuous on closed 

interval [𝑎, 𝑏] and it is 𝛼-fractional analytic at every point in open interval (𝑎, 𝑏), then 𝑓𝛼 is called an 𝛼-fractional analytic 

function on [𝑎, 𝑏]. 

Definition 2.4 ([19]): If 0 < 𝛼 ≤ 1, and 𝑥0 is a real number. Let 𝑓𝛼(𝑥𝛼) and 𝑔𝛼(𝑥𝛼) be two 𝛼-fractional analytic functions 

defined on an interval containing  𝑥0 , 

                                                𝑓𝛼(𝑥𝛼) = ∑
𝑎𝑘

Γ(𝑘𝛼+1)
(𝑥 − 𝑥0)𝑘𝛼 = ∑

𝑎𝑘

𝑘!
(

1

Γ(𝛼+1)
(𝑥 − 𝑥0)𝛼)

⨂𝑘
∞
𝑘=0

∞
𝑘=0 ,                              (4) 

                                               𝑔𝛼(𝑥𝛼) = ∑
𝑏𝑘

Γ(𝑘𝛼+1)
(𝑥 − 𝑥0)𝑘𝛼 = ∑

𝑏𝑘

𝑘!
(

1

Γ(𝛼+1)
(𝑥 − 𝑥0)𝛼)

⨂𝑘

.∞
𝑘=0

∞
𝑘=0                               (5) 

Then  

                                                                     𝑓𝛼(𝑥𝛼) ⊗ 𝑔𝛼(𝑥𝛼)  

                                                               = ∑
𝑎𝑘

Γ(𝑘𝛼+1)
(𝑥 − 𝑥0)𝑘𝛼∞

𝑘=0 ⊗ ∑
𝑏𝑘

Γ(𝑘𝛼+1)
(𝑥 − 𝑥0)𝑘𝛼∞

𝑘=0   

                                                               = ∑
1

Γ(𝑘𝛼+1)
(∑ (

𝑘
𝑚

) 𝑎𝑘−𝑚𝑏𝑚
𝑘
𝑚=0 )∞

𝑘=0 (𝑥 − 𝑥0)𝑘𝛼 .                                               (6) 

Equivalently, 

                                                       𝑓𝛼(𝑥𝛼) ⊗ 𝑔𝛼(𝑥𝛼) 

                                                 = ∑
𝑎𝑘

𝑘!
(

1

Γ(𝛼+1)
(𝑥 − 𝑥0)𝛼)

⨂𝑘
∞
𝑘=0 ⊗ ∑

𝑏𝑘

𝑘!
(

1

Γ(𝛼+1)
(𝑥 − 𝑥0)𝛼)

⨂𝑘
∞
𝑘=0   

                                                 = ∑
1

𝑘!
(∑ (

𝑘
𝑚

) 𝑎𝑘−𝑚𝑏𝑚
𝑘
𝑚=0 )∞

𝑘=0 (
1

Γ(𝛼+1)
(𝑥 − 𝑥0)𝛼)

⨂𝑘

 .                                                 (7) 

Definition 2.5 ([20]): Suppose that 0 < 𝛼 ≤ 1, and 𝑓𝛼(𝑥𝛼),  𝑔𝛼(𝑥𝛼) are 𝛼-fractional analytic at 𝑥 = 𝑥0 , 

                                             𝑓𝛼(𝑥𝛼) = ∑
𝑎𝑘

Γ(𝑘𝛼+1)
(𝑥 − 𝑥0)𝑘𝛼 = ∑

𝑎𝑘

𝑘!
(

1

Γ(𝛼+1)
(𝑥 − 𝑥0)𝛼)

⨂𝑘
∞
𝑘=0

∞
𝑘=0  ,                               (8) 

                                            𝑔𝛼(𝑥𝛼) = ∑
𝑏𝑘

Γ(𝑘𝛼+1)
(𝑥 − 𝑥0)𝑘𝛼 = ∑

𝑏𝑘

𝑘!
(

1

Γ(𝛼+1)
(𝑥 − 𝑥0)𝛼)

⨂𝑘

.∞
𝑘=0

∞
𝑘=0                                (9) 

The compositions of 𝑓𝛼(𝑥𝛼) and 𝑔𝛼(𝑥𝛼) are defined by 

                                                        (𝑓𝛼 ∘ 𝑔𝛼)(𝑥𝛼) = 𝑓𝛼(𝑔𝛼(𝑥𝛼)) = ∑
𝑎𝑘

𝑘!
(𝑔𝛼(𝑥𝛼))

⨂𝑘∞
𝑘=0 ,                                            (10) 

and 

                                                        (𝑔𝛼 ∘ 𝑓𝛼)(𝑥𝛼) = 𝑔𝛼(𝑓𝛼(𝑥𝛼)) = ∑
𝑏𝑘

𝑘!
(𝑓𝛼(𝑥𝛼))

⨂𝑘∞
𝑘=0 .                                             (11) 

Definition 2.6 ([20]): Let 0 < 𝛼 ≤ 1. If 𝑓𝛼(𝑥𝛼), 𝑔𝛼(𝑥𝛼) are two 𝛼-fractional analytic functions satisfies 

                                                          (𝑓𝛼 ∘ 𝑔𝛼)(𝑥𝛼) = (𝑔𝛼 ∘ 𝑓𝛼)(𝑥𝛼) =
1

Γ(𝛼+1)
𝑥𝛼.                                                         (12) 

Then 𝑓𝛼(𝑥𝛼), 𝑔𝛼(𝑥𝛼) are called inverse functions of each other. 

Definition 2.7 ([20]): If 0 < α ≤ 1, and 𝑥 is any real number. The 𝛼-fractional exponential function is defined by 

                                                                𝐸𝛼(𝑥𝛼) = ∑
𝑥𝑘𝛼

Γ(𝑘𝛼+1)
= ∑

1

𝑘!
(

1

Γ(𝛼+1)
𝑥𝛼)

⨂𝑘

.∞
𝑘=0

∞
𝑘=0                                             (13) 

And 𝐿𝑛𝛼(𝑥𝛼) is the inverse function of 𝐸𝛼(𝑥𝛼). In addition, the 𝛼-fractional cosine and sine function are defined as follows: 
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                                                         𝑐𝑜𝑠𝛼(𝑥𝛼) = ∑
(−1)𝑘𝑥2𝑘𝛼

Γ(2𝑘𝛼+1)
= ∑

(−1)𝑘

(2𝑘)!
(

1

Γ(𝛼+1)
𝑥𝛼)

⨂2𝑘
∞
𝑘=0

∞
𝑘=0 ,                                      (14) 

and 

                                                   𝑠𝑖𝑛𝛼(𝑥𝛼) = ∑
(−1)𝑘𝑥(2𝑘+1)𝛼

Γ((2𝑘+1)𝛼+1)
= ∑

(−1)𝑘

(2𝑘+1)!
(

1

Γ(𝛼+1)
𝑥𝛼)

⨂(2𝑘+1)
∞
𝑘=0

∞
𝑘=0  .                             (15) 

Definition 2.8: Let 𝑛 be a positive integer, if 𝑓𝛼(𝑥𝛼) ⊗ 𝑔𝛼(𝑥𝛼) = 1, then 𝑔𝛼(𝑥𝛼) is called the ⊗ reciprocal of 𝑓𝛼(𝑥𝛼), and 

is denoted by (𝑓𝛼(𝑥𝛼))
⊗−1

. On the other hand, (𝑓𝛼(𝑥𝛼))
⊗𝑛

= 𝑓𝛼(𝑥𝛼) ⊗ ⋯ ⊗ 𝑓𝛼(𝑥𝛼) is called the 𝑛th power of the 

fractional analytic function 𝑓𝛼(𝑥𝛼) . And (𝑓𝛼(𝑥𝛼))
⊗−𝑛

= (𝑓𝛼(𝑥𝛼))
⊗−1

⊗ ⋯ ⊗ (𝑓𝛼(𝑥𝛼))
⊗−1

 is the 𝑛 th power of  

(𝑓𝛼(𝑥𝛼))
⊗−1

 . In addition, we define (𝑓𝛼(𝑥𝛼))
⊗0

= 1 .  

Definition 2.9 ([21]): If 0 < 𝛼 ≤ 1. Let 𝑓𝛼(𝑥𝛼)  and 𝑔𝛼(𝑥𝛼) be 𝛼-fractional analytic functions. Then the 𝛼-fractional 

analytic function 𝑓𝛼(𝑥𝛼)⨂𝑔𝛼(𝑥𝛼)  is defined by 

                                                                          𝑓𝛼(𝑥𝛼)⨂ 𝑔𝛼(𝑥𝛼) = 𝐸𝛼 ( 𝑔𝛼(𝑥𝛼)⨂𝐿𝑛𝛼(𝑓𝛼(𝑥𝛼))).                                    (16) 

Theorem 2.10 (fractional L’Hospital’s rule): If 0 < 𝛼 ≤ 1, 𝑐 is a real number, and 𝑓𝛼(𝑥𝛼), 𝑔𝛼(𝑥𝛼), [𝑔𝛼(𝑥𝛼)]⨂ −1 are 𝛼-

fractional analytic functions at 𝑐.  If lim
𝑥→𝑐

 𝑓𝛼(𝑥𝛼) = lim 
𝑥→𝑐

𝑔𝛼(𝑥𝛼) = 0 , or lim
𝑥→𝑐

 𝑓𝛼(𝑥𝛼) = ±∞ , lim 
𝑥→𝑐

𝑔𝛼(𝑥𝛼) = ±∞,  

( 𝐷𝑐 𝑥
𝛼)[𝑔𝛼(𝑥𝛼)](𝑐) ≠ 0,  lim

𝑥→𝑐
 𝑓𝛼(𝑥𝛼)⨂[𝑔𝛼(𝑥𝛼)]⨂ −1 and  lim

𝑥→𝑐
( 𝐷𝑐 𝑥

𝛼)[𝑓𝛼(𝑥𝛼)]⨂ [( 𝐷𝑐 𝑥
𝛼)[𝑔𝛼(𝑥𝛼)]]

⨂ −1

 exist. Then  

                                            lim
𝑥→𝑐

𝑓𝛼(𝑥𝛼)⨂[𝑔𝛼(𝑥𝛼)]⨂ −1 = lim
𝑥→𝑐

( 𝐷𝑐 𝑥
𝛼)[𝑓𝛼(𝑥𝛼)]⨂ [( 𝐷𝑐 𝑥

𝛼)[𝑔𝛼(𝑥𝛼)]]
⨂ −1

.                    (17) 

III.   RESULT AND EXAMPLE 

The following is the main result in this paper, we obtain the limit representation of fractional exponential function. Theorem 

3.1: Let  0 < 𝛼 ≤ 1, and 𝑛  is any positive integer, then 

                                                                              𝐸𝛼(𝑥𝛼) = lim
𝑛→∞

(1 +
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)

⨂𝑛

.                                                 (18) 

Proof  Since 

                                                                       𝐿𝑛𝛼 ( lim
𝑛→∞

(1 +
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)

⨂𝑛

)  

                                                                   = lim
𝑛→∞

𝐿𝑛𝛼 ((1 +
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)

⨂𝑛

)  

                                                                   = lim
𝑛→∞

𝑛 ∙ 𝐿𝑛𝛼 (1 +
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)  

                                                                   = lim
𝑛→∞

  𝐿𝑛𝛼((1+
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼))

1

𝑛

  

                                                                   = lim
𝑛→∞

(1+
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)

⨂ −1
⨂−

1

𝑛2∙
1

Γ(𝛼+1)
𝑥𝛼

−
1

𝑛2

    

                                                                   = lim
𝑛→∞

(1 +
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)

⨂ −1

⨂
1

Γ(𝛼+1)
𝑥𝛼  

                                                                   =
1

Γ(𝛼+1)
𝑥𝛼 .                                                                                                    (19) 

It follows that lim
𝑛→∞

(1 +
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)

⨂𝑛

 is the inverse function of 𝐿𝑛𝛼(𝑥𝛼), that is, 

                                                                  lim
𝑛→∞

(1 +
1

𝑛
∙

1

Γ(𝛼+1)
𝑥𝛼)

⨂𝑛

= 𝐸𝛼(𝑥𝛼).                                                 Q.e.d. 
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Next , we give an example to illustrate the application of fractional exponential function. 

Example 3.2: Let  0 < 𝛼 ≤ 1. Find the limit  lim
𝑥→0+

[
1

Γ(𝛼+1)
𝑥𝛼]

⨂(1−𝑐𝑜𝑠𝛼(𝑥𝛼))

. 

Solution   Since 

                                                [
1

Γ(𝛼+1)
𝑥𝛼]

⨂(1−𝑐𝑜𝑠𝛼(𝑥𝛼))

= 𝐸𝛼 ((1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))⨂𝐿𝑛𝛼 (
1

Γ(𝛼+1)
𝑥𝛼)).                           (20) 

And 

                      lim
𝑥→0+

((1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))⨂𝐿𝑛𝛼 (
1

Γ(𝛼+1)
𝑥𝛼))  

                  = lim
𝑥→0+

([(1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))
⨂ −1

]
⨂ −1

⨂𝐿𝑛𝛼 (
1

Γ(𝛼+1)
𝑥𝛼))    

                     = lim
𝑥→0+

([−𝑠𝑖𝑛𝛼(𝑥𝛼)⨂(1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))
⨂ −2

]
⨂ −1

⨂ (
1

Γ(𝛼+1)
𝑥𝛼)

⨂ −1

)    (by fractional L’Hospital’s rule) 

                     = lim
𝑥→0+

((1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))
⨂ 2

⨂ (−
1

Γ(𝛼+1)
𝑥𝛼⨂𝑠𝑖𝑛𝛼(𝑥𝛼))

⨂ −1

)  

                     = lim
𝑥→0+

(2 ∙ 𝑠𝑖𝑛𝛼(𝑥𝛼)⨂(1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))⨂ [−𝑠𝑖𝑛𝛼(𝑥𝛼) −
1

Γ(𝛼+1)
𝑥𝛼⨂𝑐𝑜𝑠𝛼(𝑥𝛼)]

⨂ −1

)   

(again by fractional L’Hospital’s rule) 

                     = lim
𝑥→0+

([2 ∙ 𝑠𝑖𝑛𝛼(𝑥𝛼) − 𝑠𝑖𝑛𝛼(2𝑥𝛼)]⨂ [−𝑠𝑖𝑛𝛼(𝑥𝛼) −
1

Γ(𝛼+1)
𝑥𝛼⨂𝑐𝑜𝑠𝛼(𝑥𝛼)]

⨂ −1

)    

                     = lim
𝑥→0+

([2 ∙ 𝑐𝑜𝑠𝛼(𝑥𝛼) − 2 ∙ 𝑐𝑜𝑠𝛼(2𝑥𝛼)]⨂ [−2 ∙ 𝑐𝑜𝑠𝛼(𝑥𝛼) +
1

Γ(𝛼+1)
𝑥𝛼⨂𝑠𝑖𝑛𝛼(𝑥𝛼)]

⨂ −1

)   

(again by fractional L’Hospital’s rule) 

                     = 0. 

It follows that 

                                                                     lim
𝑥→0+

[
1

Γ(𝛼+1)
𝑥𝛼]

⨂(1−𝑐𝑜𝑠𝛼(𝑥𝛼))

  

                                                                 = lim
𝑥→0+

𝐸𝛼 ((1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))⨂𝐿𝑛𝛼 (
1

Γ(𝛼+1)
𝑥𝛼))  

                                                                 = 𝐸𝛼 ( lim
𝑥→0+

((1 − 𝑐𝑜𝑠𝛼(𝑥𝛼))⨂𝐿𝑛𝛼 (
1

Γ(𝛼+1)
𝑥𝛼)))  

                                                                 = 𝐸𝛼(0) 

                                                                 = 1.                                                                                                                   (21) 

IV.   CONCLUSION 

In this paper, the limit representation of fractional exponential function is obtained. In addition, we provide an example to 

illustrate the application of fractional exponential function. Fractional L’Hospital’s rule and a new multiplication of 

fractional analytic functions play important roles in this paper. In fact, the results obtained in this paper are the extension of 

the results of traditional calculus. In the future, we will continue to use fractional exponential function to study the problems 

in fractional differential equations and engineering mathematics. 

 

https://www.researchpublish.com/
https://www.researchpublish.com/


 International Journal of Mechanical and Industrial Technology       ISSN 2348-7593 (Online) 
Vol. 10, Issue 1, pp: (53-57), Month: April 2022 - September 2022, Available at: www.researchpublish.com 

 

Page | 57  
Research Publish Journals 

REFERENCES 

[1] R. L. Magin, Fractional calculus in bioengineering, 13th International Carpathian Control Conference, 2012. 

[2] R. Hilfer (ed.), Applications of Fractional Calculus in Physics, WSPC, Singapore, 2000. 

[3] C. -H. Yu, A new insight into fractional logistic equation, International Journal of Engineering Research and Reviews, 

vol. 9, no. 2, pp.13-17, 2021. 

[4] C. -H. Yu, A study on fractional RLC circuit, International Research Journal of Engineering and Technology, vol. 7, 

no. 8, pp. 3422-3425, 2020. 

[5] V. E. Tarasov, Mathematical economics: application of fractional calculus, Mathematics, vol. 8, no. 5, 660, 2020. 

[6] Mohd. Farman Ali, Manoj Sharma, Renu Jain, An application of fractional calculus in electrical engineering, 

Advanced Engineering Technology and Application, vol. 5, no. 2, pp, 41-45, 2016. 

[7] J. T. Machado, Fractional Calculus: Application in Modeling and Control, Springer New York, 2013. 

[8] N. Sebaa, Z. E. A. Fellah, W. Lauriks, C. Depollier, Application of fractional calculus to ultrasonic wave propagation 

in human cancellous bone, Signal Processing, vol. 86, no. 10, pp. 2668-2677, 2006. 

[9] F. Mainardi, Fractional calculus: some basic problems in continuum and statistical mechanics, Fractals and Fractional 

Calculus in Continuum Mechanics, A. Carpinteri and F. Mainardi, Eds., pp. 291-348, Springer, Wien, Germany, 1997. 

[10] A. Dzielinski, D. Sierociuk, Ultracapacitor modelling and control using discrete fractional order state-space model, 

Acta Montanistica Slovaca, vol. 13, no. 1, pp. 136-145, 2008. 

[11] K. S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations, John Wiley & 

Sons, New York, USA, 1993. 

[12] S. Das, Functional Fractional Calculus, 2nd ed. Springer-Verlag, 2011. 

[13] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, Inc., 1974. 

[14] I. Podlubny, Fractional Differential Equations, Academic Press, San Diego, Calif, USA, 1999. 

[15] K. Diethelm, The Analysis of Fractional Differential Equations, Springer-Verlag, 2010. 

[16] C. -H. Yu, Fractional derivative of arbitrary real power of fractional analytic function, International Journal of Novel 

Research in Engineering and Science, vol. 9, no. 1, pp. 9-13, 2022. 

[17] U. Ghosh, S. Sengupta, S. Sarkar and S. Das, Analytic solution of linear fractional differential equation with Jumarie 

derivative in term of Mittag-Leffler function, American Journal of Mathematical Analysis, vol. 3, no. 2, pp. 32-38, 

2015. 

[18] C. -H. Yu, Study of fractional analytic functions and local fractional calculus, International Journal of Scientific 

Research in Science, Engineering and Technology, vol. 8, no. 5, pp. 39-46, 2021. 

[19] C. -H. Yu, A study on arc length of nondifferentiable curves, Research Inventy: International Journal of Engineering 

and Science, vol. 12, no. 4, pp. 18-23, 2022. 

[20] C. -H. Yu, Using trigonometric substitution method to solve some fractional integral problems, International Journal 

of Recent Research in Mathematics Computer Science and Information Technology, vol. 9, no. 1, pp. 10-15, 2022. 

[21] C. -H. Yu, A study on fractional derivative of fractional power exponential function, American Journal of Engineering 

Research, vol. 11, no. 5, pp. 100-103, 2022. 

https://www.researchpublish.com/
https://www.researchpublish.com/

